Abstract-Feynman-Kac stochastic representation for elliptic equations is used to construct the solution of Helmholtz equation in domains containing plasmonic structures. The method involves initiation of Brownian motion at an interior point in the plasmonic structure and relating the field there to that on the structure boundary (equivalent surface) through the Feynman-Kac formula. The field exterior to the plasmonic structure can be related to the field on the equivalent surface through a variety of numerical methods depending on the complexity of the exterior domain. Finally, the field on the equivalent surface is determined by the imposition of boundary conditions. Comparison is shown here with the exact solution for the total field on the surface of a circular nanocylinder and a nanosphere driven by localized sources and where the permittivity is described by the Drude model.
I. INTRODUCTION

I
N NANOPLASMONIC devices, electromagnetic waves interact with conduction electrons at metallic interfaces and lead to unique electrical properties that are attractive in a number of applications such as subwavelength imaging, solar-cells, environmental monitoring, national security, biosensing, photo thermal therapy, drug delivery, etc. [1] - [4] . Computational modeling of wave propagation inside a plasmonic structure could be very time-consuming due to the necessity of employing adaptively refined meshes in and around the structures for treating the highly evanescent and singular fields of the plasmon or a polariton [5] . In this letter, we demonstrate a technique that bypasses the construction of a mesh and directly generates the field at selected points in the structure without having to determine the fields at all other points. The technique is based on the FeynmanKac stochastic representation for elliptic equations [6] , [7] that becomes particularly attractive for plasmonic nanomaterials [8] , wherein the real part of permittivity assumes negative values. The technique has ability to handle material inhomogeneities as well as nonlinearities. Furthermore, the technique is amenable to complete parallelization. The Feynman-Kac representation was previously considered by several authors for wave propagation problems. However, its utility was limited to sizes below the first resonance [9] - [11] . Even the eikonal/transport 
II. STOCHASTIC REPRESENTATION
Consider the scalar elliptic boundary value problem (BVP)
where x denotes the position vector 1 and D denotes the interior of the domain of interest having a boundary ∂D. The scalar quantity c is allowed to be a function of x to include inhomogeneous media and depends on the frequency of operation and the electrical parameters of the medium. In the case of lossy and/or plasmonic materials, c is also complex-valued. Let τ [13, p. 164 ] that starts at x ∈ R 3 at time t = 0 as illustrated in Fig. 1 .
Define the following additional quantities:
where c t is a random variable that depends on the particular realization of Brownian motion X 
Then, it can be shown by an application of Itô-Doeblin formula and the theory of local martingales that [6] , [7] 
Formula (3) In an ordinary material with the real part of permittivity satisfying ( s ) > 0, the condition |w(x)| < ∞ is only met below the first resonance frequency as demonstrated in [11] and [15] . However, in a plasmonic material, a surface plasmon is excited when ( s ) < 0. Consequently, (c τ x D ) < 0 and |w(x)| < ∞ is automatically met at all times. So for plasmonic materials, the stochastic representation (3) remains valid for any domain size. It is important to realize that the space-time trajectory for Helmholtz equation here is governed by the Brownian motion in real space even for lossy media, a distinct advantage over the eikonal/transport equation procedure of [12] , which requires trajectories in complex space.
In Section III, we discuss how the stochastic representation can be used to determine the field in domains containing plasmonic structures by considering preliminary validation examples of a circular cylinder and a sphere both excited by localized sources. The essential idea is to couple the stochastic representation governing the interior fields with a numerical scheme (e.g., integral equation, finite element, or analytical) describing the exterior fields and subsequently determining the surface fields by imposing boundary conditions.
III. WAVE PROPAGATION IN PLASMONIC STRUCTURES
For the sake of demonstration, the relative complex permittivity of the nanoparticle in the examples considered below is assumed to follow the Drude dispersion model [16] rs < 0 when the free-space wavelength λ 0 falls in the range 300 nm < λ 0 < 600 nm.
A. 2-D Example
The 2-D example we consider is that of a circular nanocylinder of radius a with center at (0, 0). The axis of the cylinder is along z. A magnetic line source with current density M =ẑV 0 δ(x − 0)δ(y − b), b > a excites the cylinder. The analytical solution of this 2-D TE z problem can be obtained via cylindrical harmonics [17] , but is omitted here due to space limitations.
We consider a numerical solution by coupling the stochastic representation (3) for the interior tangential magnetic field, ψ = H z , with an integral equation involving surface H z and the tangential electric field E τ = (jη 0 /k 0 )∂H z /∂n and utilizing the exterior Green's function
where g 0 (ρ; ρ ) = 1/(4j)H (2) 0 (k 0 |ρ − ρ |) is the 2-D freespace Green's function, η 0 is the intrinsic impedance of free space, n is the outward normal on ∂D, and H i z is the incident magnetic field of the line source in free space. Note that two coupled integral equations for the two unknowns H z and E τ are needed for a homogeneous cylinder in a purely integral equation technique. Also, volume integral equations or finite element methods will need to be considered for treating material inhomogeneties. We bypass the interior region integral equation(s) or finite methods here completely by using the fields determined from (3).
The unknowns H z and E τ on the surface are both expanded in terms of overlapping rooftop basis functions b n (s ) = 1 − |s − s n |/ , s n ≤ s ≤ s n +1 , where s is the arc length parameter, = s n +1 − s n is the semisupport of the basis functions, n = 1, 2, . . . , N. Ifn denotes a unit inner normal to ∂D and if ψ − denotes the field at the interior point x = x 0 +nΔ, then (3) can be used to arrive at
where A is an N × N matrix with entries
and s D is the arc length on the outer boundary ∂D at the exit time τ m D for a particle released at the interior point x m . The interaction matrix A captures the nonlocal relationship between ψ − and {ψ 0 } and depends only on the shape and electric parameters of the plasmonic particle and on the basis functions b n (s) used to represent the surface field. The surface field ψ 0 is finally determined by imposing continuity of tangential fields. Continuity of the tangential electric field across the boundary ∂D implies that ∂H z /∂n(x
). Using (6) for interior fields translates this to
on employing a first-order backward difference formula 2 for the normal derivative, where I is an identity matrix. When substituted into (5), one finally gets a matrix equation for the unknown H z of the form
where
B. 3-D Example
The 3-D example we consider is that of a vertical electric dipole (VED) with current density J =ẐI 0 0 δ(x)δ(y)δ(z − b) placed over a plasmonic nanosphere of radius a. The center of the sphere is at the origin and b > a. The mode excited is TM r and the fields H φ and E θ in a source-free region can be obtained in terms of the Debye potential ψ as
where ψ satisfies the homogeneous Helmholtz equation For arbitrary geometries, one may once again expand the field on the surface in terms of subdomain basis functions as is done in Section III-A. Here we will demonstrate the technique using entire domain basis functions involving Legendre polynomials. Accordingly, we expand the potential on the sphere r = a and on an interior spherical contour r < a as
with the unknown coefficients related to the surface fields as
where P n (·) is the Legendre polynomial of degree n and H 0 = jk 0 I 0 0 /4πb. Equation (13) follows from (12) on using the orthogonality properties of Legendre polynomials on the surface of a sphere [17] . We also express the potential ψ + on an exterior spherical contour a < r = constant < b as
n (·) are spherical Bessel and Hankel functions, respectively, of order n. In (14), we have expressed the total external field ψ + as the sum of a known incident field and a scattered field with unknown coefficients a n . Continuity of H φ at r = a implies
Our goal here is to use (3) and the appropriate boundary conditions to determine the unknown coefficients C n (and hence a n ). To this end, we originate a Brownian motion at u = − cos θ on an interior contour r = a − Δ, Δ > 0, relate ψ − to ψ via (3), note the exit time on r = a at the point θ = θ e (corresponding v = − cos θ e ), use c τ x (13), and the orthogonality relations of P n (cos θ) on the unit sphere to finally arrive at
where the kth realization of the Brownian motion is indexed by ω k . Truncating the upper limit of the summation to a reasonable number M , (16) may be cast in a matrix form as C − = AC. It is seen that the entries of the interaction matrix A (of size (M + 1) × (M + 1)) as given in (17) and (18) can be computed entirely by the geometry of the plasmonic structure, its electrical parameters, and the choice of expansion functions. Using a firstorder backward difference formula for approximating ∂/∂r, the electric field E − θ at the boundary (r = a − , θ) is equal to
From (11) and (14), the electric field E + θ at (r = a + , θ) can be written as
with R nj (ζ) = [ζj n (ζ)] /j n (ζ) and R nh (ζ) = [ζh (2) n (ζ)] / h (2) n (ζ), a prime denoting derivative with respect to the argument of Bessel functions. Enforcing the continuity of E θ at r = a, we obtain from (16), (19) , and (20) that
For a predetermined M , the linear system (21) of size (M + 1) × (M + 1) can be solved for evaluating the coefficients C n . Asymptotic analysis reveals that a reasonable upper limit is M ≈ 2|k 0 a √ s | , where · is the ceiling operator. 
IV. NUMERICAL RESULTS AND CONCLUSION
Figs. 2 and 3 show a comparison for the surface magnetic fields between the stochastic and the analytical solutions for a = 400 nm and λ 0 = 450 nm. For the cylinder, we choose N = 180, b = a + λ 0 , whereas for the sphere, we choose M = 30, b = 1.1a. The stochastic solution is generated with Monte Carlo averaging using N r realizations. Brownian motion is generated numerically using walk-on-cubes [18] with a lattice size Δ = a/100. In d dimensions, time-stepping for this random walk is set to Δt = Δ 2 /d [18] . Note that the time-step is proportional to the square of lattice size, a feature that is characteristic of random walks associated with diffusion processes [19] . In the results presented, symmetry of the geometries was not exploited in the generation of A. Excellent agreement with the analytical solution is seen for both the real and imaginary parts of the stochastic solution. Notice that |H z | ≈ 2|H i z | in the lit region in Fig. 2 , mimicking the behavior of a perfectly electric conducting (PEC) cylinder. However, unlike the PEC cylinder, the field is significant in the deep shadow region due to the presence of a surface plasmon [20] . Other quantities of interest, such as the extinction cross section, can be computed once the surface fields are known.
The procedure described here is applicable to arbitrary plasmonic geometries (including multiple particles) and material properties. If N basis functions are used to represent the surface field, a linear system of order N × N must be solved to determine it. All of the material inhomogeneties and nonlinearities will be reflected in the quantity c τ x D that appears in stochastic representation. Since the exit time plays a central role in the determination of field, significant insight can be gained from the availability of probability density functions of τ x D for several canonical geometries. We plan to present these in a future publication. Integration of the stochastic technique with other numerical methods, such as frequency-domain finite element method, will greatly enhance the capabilities of the latter in the modeling of plasmonic devices and these will be pursued in the future. Other averaging techniques that can converge faster than Monte Carlo approach will also be explored in the future.
